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Abstract-A finite element program for the analysis of interfaces and composite structures with mi- 
crocomputer is presented. It runs on a Tektronix 4051 &bit microcomputer with disc storage and uses 
block matrices in the assembly and solution processes. It can solve problems with up to about a thousand 
degrees of freedom and is mainly limited IO two dimensional thermo-elastic static analysis. The classical 
laminated plate theory is used for the analysis of composite structures. For interface analysis, special 
elements were developed to satisfy all the continuity conditions at the interfaces. A selection of examples 
is presented. These examples illustrate the efficiency of the program and the accuracy of the developed 
interface elements. which should still be improved by implementation on more powerful microcomputers 
and by software extensions in progress. 
INTRODUCTION 
Large structural analysis programs running on main frame computers have been available for 
ten or fifteen years. They have included facilities for composite structures for a somewhat shorter 
time. In fact, their availability may be questioned for many uses or users, because of their cost, 
their complexity and their inflexibility which are the counterpart of the high level of performance 
that they provide. 
At the beginning of the present work, four years ago, its aim was to build a program which 
should give another choice to users: low hardware and software cost, and flexibility for use 
and alteration by the end user. At that time, microcomputers began to spread, and our laboratory 
was involved in the analysis of composite structures and the development of new tools for this 
analysis. Consequently, it was chosen to develop a finite element program for composite analysis 
with a microcomputer and to use it for the development and test of new special elements. 
The result of this work is the CASMIC program with special interface finite elements, 
running on a 8-bit microcomputer (Tektronix 4051). Due to the limited capacities of the mi- 
crocomputer, the program is mainly limited to two-dimensional thermoelastic static analysis. 
The classical laminated plate theory was retained for the analysis of composite structures, for 
it has a fairly good accuracy compared to the amount of computation involved. For refined 
analysis. and especially analysis of interfaces, special elements were developed. which were 
designed to satisfy a priori the exact continuity conditions at the interfaces. 
A general description of the program is presented first, It includes the detailed derivation 
of the interface elements. In a second part, four examples are presented for in-plane deformation 
of laminates and interface of laminated or sandwich structures. An appendix gives a short 
presentation of the classical laminated plate theory. 
I. GENERAL DESCRIPTION 
We developed the CASMIC program for the TEKTRONIX 405 1 Graphic System Desktop 
Computer (see Fig. 1). 
The Central Process Unit (CPU) of this microcomputer is a g-bit microprocessor. The 
CPU is connected to various devices by an internal bus: a 32 K-bytes Read Only Memory 
(ROM) which contains the BASIC interpreter with graphic extensions, matrix functions exten- 
sions and a binary program loader. a 33 K-bytes Random Access Memory (RAM), a Cathode 
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Composite structure analysis with microcomputer 
Table I. An example presenting the structure of the ply properties file 
Index CONSTITUANT Properties 
1 T300/N5208 (Cf') (1) (I) 
(graphite/epoxy) oijkl akl 
2 glass roving/polyester (2) (2) 
Qijkl "kl 
. m . * 
. . . . 
. . . . 
P glass fabric/polyester (P) (P) 
Qijkl "kl 
1025 
Ray Tube (CRT) storage display, a keyboard, a magnetic tape unit for 256 K-bytes tape 
cartridges, an RS-232C data communication interface, an IEEE-488 (GPIB) interface. 
Various peripherals can be connected to the LEEE-488 bus: a three-drive flexible disc 
storage (TEKTRONIX 4907 option 31) for 615 K-bytes 8” flexible discs, a magnetic tape 
cartridge drive (TEKTRONIX 4924), a dot matrix printer (EPSON RX-80), a digital plotter 
(TEKTRONIX 4662). The BASIC implemented in the TEKTRONIX 405 1 uses 14 significant 
digits, which is satisfactory for large matrix algebra. 
The more recently developed Desktop Computers in the 4050 series (4052, 4054, 4052 A 
and 4054 A) with enhanced capabilities can run programs developed on the 4051. We actually 
checked the series compatibility by running CASMIC on 4052 and 4054 microcomputers. 
1.2. Pre-processor 
The pre-processor is composed of various subroutines devised to create the data files for 
the main program from a reduced amount of data input by the user. The geometric data files 
and the materials data files are created independently. They are used with supplementary data 
to create the other files. 
An automatic mesh generator using isoparametric subdomains (macro-elements) generates 
finite elements meshs for two-dimensional domains[ I]. For each sub-domain, the data input 
include the coordinates and the numbers of the few points given on the sub-domain boundary, 
the type of the elements and the index of the material used in this sub-domain. The mesh 
generator creates two files for the geometrical data of the entire structure (one for the node 
coordinates and the other for the element connectivity). 
For composite laminated structures, the materials data file includes two intermediate files 
(the properties file and the stacking file), and the laminate file. The ply properties file (Table 
1) contains the name and the thermoelastic properties of various materials in matrix form. The 
properties can be input directly or computed from engineering constants (obtained from exper- 
Table 2. Structure of the stacking file 
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Table 2. Structure of the laminate file 
imental values or from micromechanics formulae). The stacking file (Table 2) defines the 
stacking sequence of the laminate (thickness, position, orientation and nature of the laminae). 
From these intermediate files the global stiffness [A], [B] and [D] and the thermoelastic properties 
of the laminate are computed using the classical laminate theory (see the Appendix) and stored 
in the laminate file with a material index (Table 3). 
The formation of the boundary conditions file and the loading conditions file is made easier 
with automatic generations using extreme nodal values, steps, etc . 
The fundamental parameters file and the block parameters file store the quantities used in 
the assembly and solution algorithms: numbers of nodes, of elements, of degrees of freedom. 
half bandwidth, block dimension, etc . . 
1.3. Element Library 
1.3.1. General description. The CASMIC element library includes classical (displacement) 
elements (for plane structures including composites, axisymmetric structures and thick plates), 
and new (mixed) elements (Fig. 2). 
These new mixed finite elements include torsion elements and interface elements. In the 
interface elements, the number of degrees of freedom per node is variable, to take into account 
the continuity conditions at the interface. As they are of special concern in the analysis of 
adhesive joints and laminated structures, they are presented in detail in the following. 
1.3.2. Interfacefinite elements[2]: Introduction. When the interface between two materials 
is perfect, the displacement is continuous across this interface (geometrical continuity) and so 
is the transverse stress vector (equilibrium of the interface). The stress vector is composed of 
the transverse shear stresses and the normal stress, which are continuous, whereas the other 
components of the stress tensor are generally discontinuous across the interface. Consequently, 
a good mechanical model of the interface should ensure these continuities of the displacement 
and of the stress vector. Further, in laminated structures and adhesive joints, the transverse 
stresses are of special interest for the ultimate strength. 
The classical (displacement) finite elements do not ensure all the required continuities: 
while the displacements are continuous, the stresses at the interface are not defined (the stresses 
are defined separately in each element, without any continuity at the boundary). 
In the same way, finite elements developed from the equilibrium model give continuous 
stresses, but discontinuous displacements. So it seems necessary to include both displacements 
and stresses in the degrees of freedom to ensure the continuities. However, mixed finite elements 
based on the Reissner’s variational method131 are no more satisfactory, as they impose the 
continuity of all the stresses at their boundaries. 
In the present work. a series of mixed finite elements with the proper continuities was 
developed, for two dimensional elasticity and rectilinear interface. They are presented hereafter. 
Principle of derivation. The general method used in the present work was to reduce a 
Reissner-principle based finite element to an interface element. A plane quadrilateral Reissner- 
type element (Fig. 2) has 5 degrees of freedom per node (two displacements and three stresses) 
and thus 20 degrees of freedom. An interface element should have 4 degrees of freedom at 
each node on the interface (the two displacements and the two transverse components of stress); 
further it should be useful that it COLII~ be connected to classical or Reissner elements at its 
other nodes. 
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Two processes were used to reduce Reissner elements to interface elements: elimination 
of the excess parameters, and relocalisation of these parameters (Fig. 3). 
Elimination process. This method was developed to construct a rectangular element with 
12 degrees of freedom (RECT-4 in Fig. 2). Its side opposite to the interface is compatible with 
the classical (displacement) linear elements (triangle or quadrangle). 
Eight independent conditions are required to eliminate the 8 excess degrees of freedom of 
the parent Reissner-type element. The process is developed using the generalized coordinates 
p (coefficients of 1, x,, x2, x,x2 in the polynomials @ defining the variables). Eight independent 
conditions were obtained from the two equilibrium equations and the first of the stress-strain 
relations. So the 20 initial generalized coordinates j3 are reduced to 12 generalized coordinates 
P”7 as follows: 
U {I u = pqx,,l {p} * i = [@I?$ {p*) 11 
5x1 5 x 20 20 x I 
and 
5x1 5 x 12 I? x I 
The 12 parameters p* can be expressed in terms of the 12 selected nodal point variables 
(8 nodal displacements 4 and 4 nodal interface stresses 7). Substituting for j3* in the previous 
formula, we get: 
{:} = [z i]{:}. 
The matrices N and M are the shape functions for the displacements and the interface 
stresses. The matrix C represents coupling fonctions, due to the use of a stress-strain equation 
in the elimination process. 
The continuation of the formulation is similar to the classical one, with the alteration 
required by the use of the Reissner variational method. 
'ij 
'i 
'ij 
'i 
ELIMINATION PROCESS 
1 
RELOCALISATION PROCESS I 
1 
RECT-4 
'i2 Oiz *i * 
5 .I91 ~,~o 6 T2 y, S.Pll-~Ill.6 c* 
INTERFACE 
'i I(12 d.0.f) 2 "i "i 
!' 
(20 d.o.f) 
Yi "iI1 
(20 d.o.f) 'l"i 
Fig. 3. Principle of derivation of the interface finite elements. 
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Generalized matrix B* and a generalized elasticity matrix D* are introduced: 
IO29 
B” =BO D*=Ol 
6 x 12 [ C M 1 6X6 [ 1 -S 1 
where S is the compliance matrix. 
The elementary compliance-stiffness matrix is obtained by integration over the element: 
K,* = BW7D*B*hds. 
12 x 12 
The elementary load vector, which has only 8 components (associated with the displacement 
variables), is obtained by integration of the external forces along the boundary. 
F” = { ;} F, = 1 N’fhds. 
Relocalisation process. In this method, the excess variables are moved from the comers 
to the inside cf the element, so that they are not included in the inter-element assembling 
process. Unappropriate continuities at the interface are thus avoided. The total number of degrees 
of freedom remains equal to 20, as in the mixed Reissner-type element. 
A great number of different elements should be derived by this method. In the present 
work, we developed and studied two elements shown in Fig. 3. We present below in detail the 
derivation of the RECT-6 element (the derivation of the RECT-8 element is very similar). 
The position and nature of the degrees of freedom are shown in Fig. 3. It can be seen 
from it that the element is compatible with the Reissner type element on its side opposite to 
the interface side. The internal nodes 5 & 6 were fixed on the diagonals of the element at 
quarter length from the nodes 1 & 2. 
An important aspect in the derivation is the relation between the generalized variables and 
the nodal variables. The displacements and the transverse stresses are obtained from the cor- 
responding nodal variables (at nodes 1 & 4) through the classical shape functions, whereas the 
longitudinal stress u,, is obtained from its values at nodes 3 & 6 with bilinear variation, and 
its shape functions are not the classical ones. 
Using the generalized elasticity matrix D* and a generalized matrix B**: 
B** = B 0 
[ 1 0 M* 6 x 20 
the elementary compliance-stiffness matrix is expressed by: 
K** = P B**‘D*B**hds. 
20 x 20 
Convergence criteria. The three elements presented here (RECT-4, RECT-6, RECT-8) 
satisfy the convergence criteria: the inter-element continuity, the inclusion of rigid body modes 
and of constant strain and stress modes[4]. The first criterion is obviously satisfied. A study of 
the eigenvalues of the elementary compliance-stiffness matrices showed that the two other criteria 
are satisfied. 
1.4. Algorithms for solution, assembly and bouttdaty- conditions 
1.4.1. Solurion algorithm. The present work is limited to linear static analysis. However, 
it provides the possibility to analyze several cases simultaneously. This yields to the following 
1030 
system of equations: 
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WI W<l = [F,l. 
Nx.V NxC N x c 
The [U,] matrix is formed with c vectors of N unknowns, while [F,] is formed with c 
vectors of N given quantities, c being the number of simultaneous cases to solve. With the 
classical (displacement method) finite elements, the unknowns are nodal displacements, but 
with the mixed finite elements, both the unknowns and the given quantities can be displacements 
or forces. 
When using classical elements, [K] is the stiffness matrix which is positive-definite sym- 
metrical. With mixed elements, it can be called the compliance-stiffness matrix. and is non- 
singular symmetrical. 
Basically, the solution algorithm uses the Gauss elimination method as in most finite 
element programs. However, we had to face two problems, i.e. the non-positive-definiteness 
of the system matrix (due to the mixed elements) and the limited speed and in-core storage 
capacities of the microcomputer. Consequently, we retained a block partition method. The 
compliance-stiffness matrix, the unknowns matrix, the right-hand side matrix and the temporary 
matrices used in the algorithm are stored on discs as hypermatrices, the elements of which are 
square blocks[ 5, 61. 
The triangular factorization, the reduction of the given quantities matrix and the back- 
substitution operate with these square blocks, and only one to four blocks are simultaneously 
resident in the random access memory. The initial and reduced compliance-stiffness matrices 
are stored as symmetrical banded hypermatrices, and the algorithms take advantage of this form 
to limit computations to the non-zero blocks. 
A study of the influence of the size of the blocks was performed for the Tektronix 4051 
and is presented below (g-1.7.2.). It leads to optimal sizes of the blocks (from 5 x 5 to 
10 x lo), which are well under the in-core storage limitations. 
Two tips were used to avoid programming intricacy. When using mixed elements, the 
force unknowns (with non zero diagonal terms in the system matrix) are processed before the 
displacement unknowns of the same element (with zero diagonal terms in the system matrix), 
which avoids the use of pivoting in the algorithm. The size of the global matrix is extended to 
the smallest multiple of the size of the square blocks, by adding some fictitious linear equations 
with only diagonal non zero coefficients and zero unknowns values. which avoid, at a small 
computing cost, handling of various size blocks. This block solution algorithm leads to an 
efficient use of the limited capabilities of the Tektronix microcomputer, as shown by the rather 
large finite element problems which have been solved. 
1.4.2. Introduction of the boundary conditions. The boundary conditions are taken into 
account by elimination of the corresponding degrees of freedom[7]. The renumbering of the 
equations is made in the assembly process described in the following section. 
This method is effective for a microcomputer program, because it reduces the number of 
blocks to use and consequently increases the size of tractable problems or reduces the assembly 
and solution times. 
1.4.3. Assembly algorithm. The assembling process of the elementary compliance-stiffness 
matrices and of the elementary given quantities vectors was developed in accordance with the 
storage and solution processes just described. 
The assembly operations involve only the non-zero blocks of the upper triangular part of 
the compliance-stiffness hypermatrix. For each element, and for each degree of freedom, the 
concerned block is read from the disk, modified by adding the contribution of the current degree 
of freedom and written back on the disk. A test is performed to determine if two consecutive 
degrees of freedom use the same block, in which case the intermediate reading and writing of 
this block is avoided. The same process is used for the right-hand side matrix. 
The program is developed to assemble all sorts of finite elements: with constant or variable 
number of nodes per element, with constant or variable number of degrees of freedom per node. 
Composite structure analysis with microcomputer 1031 
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21-d level 
0 library 
0 file I 
FOND -_____ BLOC 
3rd level 
Fig. 4. Storage structure of the disk files. 
1.5. Post-processors 
The results can be stored on discs or printed. They include the nodal unknowns, the strains 
and stresses at the center or the nodes of the elements, the support reactions. When stored on 
tape or disc, the results can be processed by other programs. 
For laminated structures, a post-processor computes the stresses and strains in the global 
coordinates of the laminate or in the local (orthotropy) coordinates of each ply. It also tests the 
value of the Tsai-Wu limit criterion[8] for each ply. 
1.6. Marlagement of disk files 
Data and information transmitted to the disks are stored in files with a multilevel storage 
structure (Fig. 4). The files sharing a common characteristic or intended to a common use are 
grouped in a library. The storage structure has four libraries: CASMIC which groups the routine 
files. TITRE (“TITLE”) which groups the files with the general information for a given analysis, 
DATA with the data files and EXEC which consists of intermediate work files and results files. 
The CASMIC library is formed of the main program PRINCI and five modules MOD: 
MOD 1 
MOD 2 
MOD 3 
MOD 4 
MOD 5 
for the data input, 
for the verification of data, 
for assembly and boundary conditions, 
for the block solution, 
for the strain and stress computing. 
1.7. Performance evaluation of the program 
1.7. I. Restricrions on the program. The possible size of an analysis results from a com- 
promise between the size of the in-core memory, the disk capacities and the time of execution 
of the program[9]. With the 4051 Tektronix microcomputer. the following conditions must be 
satisfied: block size f. : 25. number of degrees of freedom N and half bandwidth M such as 
N.M 5 7.10’. 
The execution time is minimal for an optimal value off. obtained from an estimate law 
of the solution time. A careful numbering of the nodes can improve the half bandwidth. 
The four sources of restriction observed in this study are due to the limited capacity (32 
K-bytes) of the in-core memory. the slow rate of the treatment of the BASIC interpreter 
commands. the limited capacity (615 K-bytes) of the discs. and the data transfer rate (input/ 
1032 S. AIV.-\Z-Z.-\DEH rr trl 
Table 4. Computation time of the various steps of analysis (N is the number of degrees of freedom and .W is 
the half bandwidth) 
DATA ASSEMBLY TIME 
I 
N M 4051 4054 1 
(a) 
18 10 2mn 30s lmn 33s 
50 14 8mn 13s 5mn 09s 
162 22 30mn 48s 20mn 00s 
578 38 Zh-28mn 12s lh 32mn 07s 
STRESS AND STRAIN COMPUTATIONS 
output with the discs). In the present state, the main limitations, in our opinion, come from 
the discs capacity. However the program is able to solve-and actually solved-problems with 
up to about a thousand unknowns (for instance, N = 1024 and M = 38). 
More recent microcomputers do not present these restrictions and should improve the 
capacities of the program, with higher capacities of in-core memory, discs and hard discs, with 
compiler, with increased speed. The adaptation of the CASMIC program to l&bit microcomputer 
is now in progress. However, personal computers seem to lack somewhat the professional 
qualities and facilities of the 4050 microcomputers. 
1.7.2. Computation time. The Tables 4(a), 4(b), 4(c) illustrate the value of the computation 
time for various meshes. The two main steps of the finite element process, i.e. assembly and 
solution, are far longer than the post-processor. 
A method to estimate the solution time was developed. It makes it possible to compute 
the optimal size of the blocks for the minimal solution time. This method is in good agreement 
with observed values. 
The estimated time is given by the formula 
T (L, M, N) = c A,. T, + c 6,. T; + t 
In this formula, the quantities T, and T,’ are the times of the elementary operations for 
I!, x L matrix blocks and 15. X 1 right hand side blocks, such as additions, multiplications, 
input, output. They are expressed as power functions of L: 
T = T,, + k (L - L,,) 
where T,, k, LO, a are adjusted parameters. 
The quantities Ai and B, are the numbers of the corresponding elementary operations, which 
can be determined from the number of hyper-rows and hyper-columns of the hyper-matrix. The 
1033 
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(set) 
-+- estimated 
. . . 0 . . . observed 
iL 
o 2 4 6 s 10 12 14 16 18 
Fig. 5. Total block solution time. 
quantity f is the computation time for the other operations in the central process unit, and was 
found to be estimated by: 
t = k’LPMYN 
where k’, p and y are adjusted parameters. 
Figure 5 illustrates the fair agreement between the estimated and the observed values for 
some test examples as a function of the block size. 
2. APPLICATION EXAMPLES 
The CASMIC program is in general use in our laboratory for teaching, research and 
consulting work. Four selected examples present the capabilities of the program in the field of 
--- [45”/-45” 1 s 
_-_-- [0”/90”/45”/-45”ls 
A Al uminium 
Infinite plate 
Fig. 6. Distribution of the longitudinal stress along the ,Y direction 
CAmlA 11:10-o 
Table 5. Geometrical nd material properties used for camp 
Material properties 
(mm) 
a= 20 
b= 80 
L = 400 
Aluminium 
I 
Graphite/Epoxy 
(T300/N5208) 
site plate wth hole. 
Load 
composite materials. Other uses include determination of bounds for torsion of beams using 
mixed elements and analysis of adhesive joints. 
The first and second examples illustrate in-plane deformation of composite laminates[ lo]. 
The two other cases present interface problems for laminated and sandwich structures in bending. 
using the mixed finite elements presented in Section I. 3.2. [2]. 
2.1. Circular hole in finite width composite plate 
The plate analyzed is presented in a part of Fig. 6. This classical problem was solved for 
an aluminium (isotropic) plate and four laminates made of the same orthotropic graphite/epoxy 
(T300iN5208) plies. Table 5 presents the values used for geometrical, material and loading 
quantities. One quarter of the plate was meshed, using quadrilateral elements (126 degrees of 
freedom). 
The results in Fig. 6 show that at a distance of the hole the stress is uniform[ 12. 131. The 
stress concentration ratio R = u’,,/cr,, varies from 2 (for the [45”/ -45”], laminate) to 7 (for 
the unidirectional composite). For the aluminium and the quasi-isotropic laminate [0”/90”/45”/ 
- 45”],, the stress concentration ratio is almost the same and not far from the well known value 
of 3 for the infinite isotropic plate. 
Fig. 7. Riveted composite plates. 
Table 6. Material properties used for the riveted composite plates. 
Constitutive materials Proportions used in the 
stackinq sequence 
rOJ/r450/9001s 
Rivets Plates proportions (in percent) 
Aluminium T300/BSL914 ply 
alloy 1 : 50%/40%/10% 
El1 = 140000 MPa 2: 25%/50%/25% 
E = 74000 MPa E22 = 5000 MPa 
v = 0.32 “12 = 0.35 3: 40%/50%/10% 
G = 28030 MPa G12 = 5000 MPa 
Composite structure analysis with microcomputer 
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Table 7. Distribution of the load 15) 
Constitutive 
materials for Rivet 1 Rivet 2 Rivet 3 
the plates 
Aluminium 38.07 23.84 38.07 
Draping 50/40/10 37.14 25.52 37.14 
Draping 40/50/10 37.60 24.80 37.60 
Draping 25150125 38.52 22.96 38.52 
2.2. Riveted composite plates 
Figure 7 represents two composite plates connected by 3 rivets aligned along the .r direction. 
and submitted to a tension in this direction. The analysis of the riveted joint was performed to 
determine the load repartition between the 3 rivets and to predict the limit load of the joint. 
Three laminates were studied, each with the same 4 directions of graphite epoxy plies (O”/ 
?45”/90”) and various proportions of the directions. 
Table 6 gives the data used for the analysis. The applied load is F = 1000 N. 
The structure has a symmetry plane, which allowed to mesh only one.half. The bending 
effects were neglected, which conducted to a plane analysis in the mid plane. In fact, it is an 
extended plane analysis, as in the lap each geometrical point of this mid plane is splitted in 
two physical points, with different node numbers, each belonging to one of the plates. Fig. 8 
presents the resulting parts of the mesh for the upper plate, the rivets and the lower plate. The 
total mesh had 328 elements, 420 nodes and 840 degrees of freedom. 
Table 7 presents the part of the load supported by each rivet, for the laminated plates 
compared to an aluminium plate. The two end rivets take equal loads which are about 50% 
greater than the central rivet load, which is significantly different from the distribution on equal 
terms ( l/3, l/3, 113) of the total load generally considered in design offices. It can be seen 
that the distribution is not very sensitive to the materials. 
Failure prediction. The Tsai-Wu criterion is used[8]. It is supposed that the laminate 
failure is obtained when the limit value of the criterion is reached in at least one of the ply. 
From such an analysis, we found that the failure should always occur near the end rivets, in 
the loaded plate (i.e., in Fig. 8, the upper plate for the right rivet and the lower plate for the 
left rivet). Further it should take place in the +45” ply, at the edge of the hole on the diameter 
transverse to the load direction. 
Table 8 presents the limit values of the net tensile stress, (which is the mean stress in the 
reduced section, i.e. the total load divided by the net area). The values are compared to those 
obtained by conventional process of the design office. 
2.3. Sandwich beam 
Figure 9 presents the sandwich beam which was studied. The aluminium skins have equal 
thickness (h, = 0.2 mm), while the epoxy core thickness is h, = 1.6 mm. The Young’s moduli 
and Poisson’s ratios are E, = 70000 MPa, E, = 3400 MPa, v,, = 0134, Y, = 0.34. The beam 
is simply supported (L = 24 mm), with a uniform unit load (q = - 1 MPa). 
Table 8. Limit net tensile stress. 
Draping Conventional design Present analysis 
50/40/10 23 19.19 
40/50/10 21.62 18.81 
25150125 16.73 16.44 
Fig. 9. The sandwich beam configuration 
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The results were compared to an elasticity solution obtained by an exact analysis which 
is an adaptation to laminated beams of the Rao et al.[ 141 and Pagano[ 15) solutions. Various 
meshes were used, with different elements through the thickness, as shown in Fig. 10. 
The results are presented in Figs. 1 1 and 12 and prove the efficiency of the interface 
elements. Fig. 11 illustrates the discontinuity of the longitudinal stress, which is well reproduced 
by the interface elements (error less than 1.5%). These elements also give very good values 
for the shear stress, as shown in Fig. 12. They appear to be superior to the Reissner elements 
which also give satisfactory values for the shear stress but are unable to take into account the 
gap of the longitudinal stress. 
Figures 13 & 14 show that the interface elements give a better convergence than the 
displacement and Reissner elements, for the stresses as well as for the displacements. 
2.4. Laminated beam 
A laminated beam with symmetrical stacking sequence (0”/90”/0”/90”/0”) of T300IN5208 
graphite/epoxy ply was simply supported. It is shown in Fig. 15. 
The sine transverse load is applied on the upper face: 
9 (Xl) = q,, sin (7rX,lL) 
The engineering constants of the ply are [ 161: 
E,, = 138000 MPa. Ezz = Ej3 = 
q,, = - 1OMPa. 
9700 MPa, VI? = VI3 = 0.339, 
V?3 = 0.478, Cl2 = G,, = 4850 MPa, G13 = 3280 MPa. 
The beam was analysed with RECT-6 & RECT-8 elements (5 elements in the thickness, 
4 elements in the X, direction for the half of the structure). Figures 16-18 show the good 
agreement of the results with the exact solution. 
CONCLUSION 
We have presented the CASMIC program for finite structural analysis. It has the following 
distinctive features: it is run on microcomputer and special elements provide facilities for the 
analysis of composite materials and interfaces. 
As implemented on g-bit microcomputer, it suffers some limitations. It is principally 
adapted to bidimensional linear elasticity problems, the possible number of degrees of freedom 
is limited and the time of treatment for non academic problems is long. However, it has been 
carefully designed to make the best possible use of the limited capabilities of the microcomputer. 
As it needs little prerequisite on computers or finite elements, a short training is sufficient for 
its use and users generally found it is a “user-friendly” tool. 
Composite materials can be analysed with plane elements consistent with the classical 
laminated plate theory. Two-dimensional interface problems for sandwich structures, laminates, 
adhesive joints. etc . . can be accurately solved with special interface elements. One of the 
interface elements (RECT-4) has a small number of degrees of freedom, while the others (RECT- 
6 and RECT-8) have more degrees of freedom but a faster convergence rate. 
FIN 15 Laminated beam with sine transverse load. 
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Fig. 16. Distribution of the deflection along the laminated beam. 
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Fig. 17. Longitudinal stress distribution in the laminated beam at the middle of the beam (a,. is the maximum 
of the exact analytical value). 
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Various examples gave evidence of the efficiency of the CASMIC program. The facilities 
of the program will be improved by the development of other elements and its implementation 
on other microcomputers, which are in progress now. 
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APPENDIX: CLASSICAL LAMINATE THEORY[17, 181 
Thermoelu,stic~ heha~~iorrt- 
Behaviour in the orthotropy axes: 
with 
Behavlour in the global axes: 
with 
{p,hJ = {a) AT. 
{a*) = [Q*(e)] {E.,,., - l ,h) = [Q*(0)] {E”} 
and 
[Q”(0)] = [R(0)]’ [Q] [R(0)]. 
1042 S. AIVAZ-ZADEH rr a/ 
Fig. A. 1. Laminate geometry 
Laminate behaviour in the global axes: 
{N} = [Al k”) + [Bl {Cl - b’,J 
IW = [El WI + [Dl {Cl - IMd 
with: 
[Al = 2 IQ; (er)l (Z, - Z,.,) 
I=, 
[El = ; ; [Q; (e,,l CZi - Zi.,, 
i I 
IDI = ; 2 [Pi (e&)1 (Z: - Z:.,) 
i-1 
{Nth} =AT 2 [Q; ce,,l {a; (e,,} (z, - z,.,) 
‘49 lil 
8 angle between the global x axis and the local axis 
e,h thicknesses of the ply and the plate 
Z height of rhe ply lower face 10 mid plane 
n number of plies 
{u}, {E} stress and strain vectors 
{a}, AT thermal expansion vector and temperature variation 
[Q] stiffness matrix 
[f?(e)] rotation matrix for [Q] 
[H(e)] rotation matrix for {a} 
{N}, {M} in-plane forces and bending moments 
(e,‘}, {C} mid-plane strains and curvatures 
[A], [/I], [D] in-plane. coupling and bending stiffnesses. 
